Two general families of new quantum deformed current algebras are proposed and identified both as infinite Hopf family of algebras, a structure which enable one to define "tensor products" of these algebras. The standard quantum affine algebras turn out to be a very special case of both algebra families, in which case the infinite Hopf family structure degenerates into standard Hopf algebras. The relationship between the two algebra families as well as their various special examples are discussed, and the free boson representation is also considered.
quantum groups, it is nature to ask if the structure of quasi-triangular quasi-Hopf algebras is still adequate for describing the co-algebraic structures for these algebras. The answer to this question remains open and it seems very hard to get it solved. Alternatively, it may be reasonable to try some other formulations to describe the co-algebraic structures for some of the new elliptic quantum groups, even if the answer to the above question finally proves to be a positive "yes". The infinite Hopf family of algebras described in [13, 14] is just such a candidate.
For standard quantum affine algebras and Yangian doubles, three major realizations are proved to exists, i.e. the Yang-Baxter type realization (also known as Reshetikhin-SemenovTian-Shansky realization [19] ), Drinfeld realization [3, 4] and Drinfeld current realization (or simply current realization) [5] . The first and last realizations are usually used to describe the coalgebraic structures and for the investigation of infinite dimensional representations respectively.
The standard Hopf algebra structure cannot be written closely using the current realization only. However, there exists an alternative Hopf algebra structure for quantum affine algebras and Yangian doubles which closes over the currents only. Such a structure is first discovered by Drinfeld in the case of quantum affine algebras and is called Drinfeld's Hopf structures [1] . It is generally believed that the three realizations exist for all quantum deformations of the universal enveloping algebras of the classical affine Lie algebras, although only one or two realizations for some recently discovered quantum algebras are known to exist.
In this paper, we shall study two general families of quantum current algebras which contain many well-known quantum current algebras as special cases. We shall show that both families of current algebras have the structure of infinite Hopf family of algebras, which ensure a proper definition of fused representations (i.e. tensor product representations via comultiplications).
Our investigation will be restricted in the current realization only. Strictly speaking, the algebras we shall consider are not algebras but "functional algebras" [2, 20] generalizing the concept of a usual algebra. However we shall abuse the language in the context and call the object under investigation "algebras".
Throughout the following, g will be a classical simply-laced Lie algebra with Cartan matrix (A ij ).
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Definition 1.1 Let q, p be generic parameters. We choose the set of analytic functions Ψ ij (z|q) (i, j = 1, ..., rank(g)) such that they depend on the suffices i, j only through the Cartan matrix elements A ij of g and that
The functional current algebra A (1) ({Ψ}, g) q,p,c is defined as the associative algebra generated by the currents 
Clearly the morphisms τ (m,n) , n, m ∈ Z satisfy the associativity condition τ (m,p) τ (p,n) = τ (m,n) and thus make the family of algebras {A n , n ∈ Z} into a category.
Definition 1.2
The category of algebras {A n , {τ (n,m) }, n, m ∈ Z} is called an infinite Hopf family of algebras if on each object A n of the category one can define the morphisms ∆ ± n : A n → A n ⊗ A n±1 , ǫ n : A n → C and antimorphisms S ± n : A n → A n±1 such that the following axioms hold,
in which m n is the algebra multiplication for A n . Now let us consider the structure of infinite Hopf family of algebras for our algebra
This algebra is determined uniquely by the defining relations provided the following data are fixed: g, q, p, c.
In general, given a series of c n , n ∈ Z, we can define the series of parameters {q n , n ∈ Z} by the relations
starting from the data q 1 = q, c 1 = c. It is obvious thatq = q 2 . In the same fashion we can defineq n = q n+1 and write the algebras A n ≡ A (1) ({Ψ}, g) qn,p,cn . The generating currents
We collect the families of algebras A = {A n , n ∈ Z}. This family of algebras can be turned into a category if we introduce the morphisms τ
and defining the compositions τ (n,m) as did in (11).
The following proposition say that A is an infinite Hopf family of algebras.
Proposition 1.3
The category A of algebras {A n , n ∈ Z} form an infinite Hopf family of algebras with the Hopf family structures given as follows:
• the comultiplications ∆ ± n :
• the counits ǫ n :
• the antipodes S ± n :
Despite these unusual co-algebraic structures, we can still define tensor product homomorphisms for both algebra families. We have
where X ∈ A (1) ({Ψ}, g) qn,p,cn+cn+1 ,X ∈ A (1) ({Ψ}, g) qn,p,cn and
Likewise, the comultiplication ∆ − n induces an algebra homomorphism
where
.
Corollary 1.5 Let m be a positive integer. The iterated comultiplication
in the spirit of Proposition 1.4.
Remark 1.6
We stress here that the maps ρ,ρ and ρ (m) are algebra homomorphisms, whilst τ ± n , τ (n,m) and ∆ ± n etc are only algebra morphisms. The difference between algebra morphisms and algebra homomorphisms lies in that the latter preserves the structure functions whilst the former does not.
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Definition 2.1 Let q,q be generic parameters. We choose the set of analytic functions Ψ ij (z|q) (i, j = 1, ..., rank(g)) such that they obey the condition (1) . The functional current algebra A (2) ({Ψ}, g) q,q,β,γ is defined as the associative algebra generated by the currents
, central elements β, γ, and the unit 1 with relations
This algebra is determined uniquely by the defining relations provided the following data are fixed: g, q,q. Now let us choose an arbitrary set of parameters {q (n) , n ∈ Z} and defineq (n) = q (n+1) .
We collect the family of algebras B = {B n , n ∈ Z} where B n ≡ A (2) ({Ψ}, g) q (n) ,q (n) ,βn,γn . The
The algebra family B can also be turned into a category in the same way as we did for the family A, provided the basic morphisms τ ± n are given as follows,
The following proposition say that the algebra family B is also an infinite Hopf family of algebras.
Proposition 2.2
The category B of algebras {B n , n ∈ Z} form an infinite Hopf family of algebras with the Hopf family structures given as follows:
The co-algebraic structure for the family B is also rather unusual, and we can understand such a structure more deeply by considering the tensor product homomorphisms for such algebra families. We have Proposition 2.3 The comultiplication ∆ + n induces an algebra homomorphism
,βn,γn and
where X ∈ A (2) ({Ψ}, g) q (n−1) ,q (n+1) ,βn−1βn,γn−1γn ,X ∈ A (2) ({Ψ}, g) q (n) ,q (n+1) ,βn,γn and
Corollary 2.4 Let m be a positive integer. The iterated comultiplication
in the spirit of Proposition 2.3.
Remark 2.5 From the point of view of quantized affine algebras, the family B of algebras seems more natural and symmetric: with the quantized (or deformed) Cartan part of currents splitted into positive and negative halfs, why should the central element remain as a whole?

3
Now it is the point to consider the relationship between the algebras in the families A and B. We note that the algebra A (2) ({Ψ}, g) q,q,β,γ in the family B has one more generator than the algebra A (1) ({Ψ}, g) q,p,c in the family A and hence both algebras cannot be identical in general. However, it is possible to introduce certain restrictions to the algebras in the family B so that the algebras in the family B can be related to the one in the family A. That means, the family A is some special case of the family B.
Now we illustrate some examples of such restrictions in due course.
First let us recall that, in the algebra A (2) ({Ψ}, g) q,q,β,γ , the parameters q,q are generic and their ratio is not assumed to be related to the central elements β, γ. This is in contrast to the case of A (1) ({Ψ}, g) q,p,c in which the ratio of q andq is related to p c . Now if we can consider the algebra A (2) ({Ψ}, g) q,q,β,γ with the restrictions β = γ −1 = p −c/2 ,q = qp c where p is some constant, then the algebra A (2) ({Ψ}, g) q,q,β,γ will become A (1) ({Ψ}, g) q,p,c , with corresponding generating currents identified. In this special case, the co-algebraic structures of both algebras also coincide.
Another special case is given as follows. In the algebra A (2) ({Ψ}, g) q,q,β,γ , letq/q = p c , p being some constant. Then the map
gives a homomorphism from A (1) ({Ψ}, g) q,p,c to A (2) ({Ψ}, g) q,q,β,γ as associative algebras.
However, under this case, the co-algebraic structures for the algebra A (1) ({Ψ}, g) q,p,c are not mapped into those for the algebra A (2) ({Ψ}, g) q,q,β,γ .
It is interesting to mention that, the homomorphism µ, though cannot map the co-algebraic structures correctly, can provide a way of obtaining certain bosonic realizations of the algebra A (2) ({Ψ}, g) q,q,β,γ from that of the algebra A (1) ({Ψ}, g) q,p,c , and vice versa. The simplest starting point will be the c = 1 bosonic realization for the algebra A (1) ({Ψ}, g) q,p,c , which would lead to a bosonic realization for the algebra A (2) ({Ψ}, g) q,q,β,γ at β = q, γ =q = qp.
We shall come back to this point in Section 5. Before going to the bosonic representations, we would like to present some concrete examples for the structure functions Ψ ij (z|q) to show how general our algebras are.
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In this section we present some examples for the structure functions Ψ ij (z|q) of the algebras
First comes a special case in which Ψ ij (z|q) are generic analytic functions of z satisfying the condition (1) but are independent of q. Then the parameters q n will not appear at all in both the family A and B, and the whole family A will degenerate into a single standard Hopf algebra which is nothing but the generalized quantum current algebra given by Ding and Iohara in [2] (we should change the notation p → q 2 to compare with [2] ). The family B will also degenerate into a single Hopf algebra which is, to our knowledge, not considered elsewhere earlier.
Let ψ(z) be an analytical function of z such that
whose definition may depends on the parameters (q, p) or (q,q). We define
where x is an arbitrary function of the deformation parameters, x = x(q, p) for the case of A (1) ({Ψ}, g) q,p,c and x = x(q,q) for the case of A (2) ({Ψ}, g) q,q,β,γ . The functions Ψ ij (z|q)
given in (23) fulfill the condition (1) and hence can be used to give examples for either the algebra A (1) ({Ψ}, g) q,p,c or the algebra A (2) ({Ψ}, g) q,q,β,γ .
We note that the signature factor (−1) Aij does not affect the condition (1) and thus can be omitted from eq. (23), and that would of cause lead to a slightly different definition of the algebras.
Let us present some more special cases for the function ψ(z).
The rational function
is our first choice. If we further choose x = p 1/2 in this case, the corresponding family A will be identical to U q (ĝ) with q = p 1/2 .
Let θ q (z) be the elliptic function
We can choose
with y = y(q, p) for the case of A (1) ({Ψ}, g) q,p,c and y = y(q,q) for the case of A (2) ({Ψ}, g) q,q,β,γ .
If y = const. and x = p 1/2 , the algebra A (1) ({Ψ}, g) q,p,c will become the elliptic quantum group mentioned in [7, 8, 9] .
It is interesting to mention that the algebra A (1) ({Ψ}, g) q,p,c with ψ(z) chosen as θ q (z) and x chosen as p 1/2 form an elliptic generalization of the algebra Ah ,η ( g) , which is the representative of the first known infinite Hopf family of algebras. In the scaling limit, the elliptic algebra family A will become the algebra family containing Ah ,η ( g) . With the same choices of ψ(z) and x, the algebra A (2) ({Ψ}, g) q,q,β,γ will become a new type of elliptic quantum group, which, in the case of β = q, γ =q, will tend to the algebra of modifies screening currents with identification of parameters p =q/q.
We emphasis that our construction enable us to introduce more free parameters and obtain multi-parameter quantum current algebras from a very general setting.
Last we should mention that this manuscript considers only those algebras with multiplicative spectral parameters. We could as well consider the cases with additive spectral parameters, and in those cases the structure functions (denoted as Ψ ij (u|η)) should behave as
The algebra Ah ,η ( g) is actually a concrete example for the algebra family A with structure functions given by
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Having established the infinite Hopf family of algebras structure of the algebra families A and B, we now turn to consider their simplest infinite dimensional representation, i.e. the free boson realization.
The purpose of this section is to conduct a general method for obtaining a particular (lowest level) free boson realization for a given quantum current algebra. We shall show that the free boson realization for the algebra A (1) ({Ψ}, g) q,p,c at c = 1 and that for the algebra A (2) ({Ψ}, g) q,q,β,γ at β = q, γ =q ≡ qp can actually be obtained from the same set of bosonic fields.
Let us start our construction by considering the generating relations for E i (z)E j (w), F i (z)F j (w) and the commutator relations [E i (z), F j (w)] respectively. We notice that the E i (z)E j (w), F i (z)F j (w) relations are the same for both algebras under consideration. This is a very important feature for our consideration. In order to obtain a free boson realization, we need to introduce some Riemann decomposition for the structure functions Ψ ij (z|q). Suppose this decomposition is given by
then we can rewrite the
In order to obtain a bosonic realization for the above relations, it is enough to write down some bosonic expressions also denoted E i (z) and F i (z) such that they satisfy the relations
where : : means the standard normal ordering of bosonic expressions. In the meantime, we set 2 Actually, the standard definition of the q-affine current algebra was given with the Riemann decomposition explicitly introduced into the E i (z)E j (w), F i (z)F j (w) relations like in (25) and (26).
A and B are some constants to be related to the deformation parameters, u[n] and v[n] are all functions of the integer n which are independent of z, and Q i , P i and a i [n] are bosonic operators whose commutation relations are to be determined. The operators Q i and P i here play the role of zero mode generators for the bosonic fields ϕ i (z) and ψ i (z).
Following from the above ansatz, we can write immediately
which, compared to eqs. (27-30), yield
For any concrete set of functions Φ ij (z|q), these last equations serve as a good starting point to determine the unknown coefficients A, B, u[n], v[n] as well as the unknown commutation relations for Q i , P i and a i [n] respectively. Of cause the solution need not to be unique.
In the concrete case when Ψ ij (z|q) is given by eq. (23) with ψ(z) = θ q (z) and x = p 1/2 , i.e.
we have the following explicit result.
First the Heisenberg algebra H q,p (g) with generators a i [n], P i , Q i , i = 1, ..., rank(g), n ∈ Z\{0} can be introduced by writing down the generating relations
where (A ij ) is the Cartan matrix for the Lie algebra g. Let
(pq) −n − 1 then we have 
,
Of cause, this result can be readily mapped into a representation of A (2) ({Ψ}, g) q,q,β,γ at q = qp, β = q, γ = qp using the homomorphism µ.
-------So far we obtained two families of quantum current algebras {A (1) ({Ψ}, g) qn,p,cn , n ∈ Z} and {A (2) ({Ψ}, g) q (n) ,q (n) ,βn,γn , n ∈ Z} and established their structures as infinite Hopf family of algebras. The generality of the defining relations for these two family of algebras indicates that the infinite Hopf family of algebras exists much broader than the standard Hopf algebras.
Actually, taken from the point of view of defining tensor product representations, the standard Hopf algebra structure is by no means superior to the infinite Hopf family of algebras, because both kinds of structures allow one to obtain fused representations from the tensor category of the set of seed algebras.
It is interesting to mention that the comultiplications appearing in such co-structures are all of the Drinfeld type, which closes over the currents themselves and does not require the resolution to the inverse problem (Riemann problem) of the Ding-Frenkel homomorphism [16] .
Recall that two kinds of comultiplications (and thus two kinds of Hopf algebra structures) are known for the standard q affine algebras. While the q affine algebras are considered as the most trivial cases of infinite Hopf family of algebras, only the Drinfeld type co-structures find their place in the generalized co-structure, whilst the standard Hopf algebra structure find no counterpart in our present study. This is because we studied here only the current algebra formulation. In order to have a complete generalization of both Hopf algebra structures of the q affine algebras, it seems that we have to go to the Yang-Baxter realization as well, and it is highly probable that in that realization, the quasi-triangular quasi-Hopf algebra structure may take some place. We leave this problem to future study.
We should emphasis that this work is only a preliminary study for the new quantum current algebras. Besides the definition and infinite Hopf family structure, we know very little about these algebras, especially their detailed representation theory, vertex operators, Yang-Baxter type realizations etc. The physical applications should also be considered.
On the other hand, the structures of infinite Hopf family of algebras is still poorly understood yet. We do not know whether there exists a quantum double construction over the infinite Hopf family of algebras and, if not, what kind of new structure will take the place of the standard quantum doubles. Also, the classical counterpart of the infinite Hopf family of algebras is unknown and it seems that all these problems deserve further investigations.
Finally, from experiences of studying various (deformed) affine algebras, we know that given a (quantum deformed) affine algebra there must exist an accompanied (deformed) Virasoro algebra, and the latter is highly expected to have important applications in physics of 1+1 dimensions. Therefore, given the two new family of quantum current algebras, it seems very interesting to find/construct the corresponding deformed Virasoro algebras.
